Abstract-Remarkable optical and electrical properties of graphene and other two-dimensional (2D) materials provide significant potential for novel optoelectronic applications and devices, many of which depend on nonlinear optical effects in these 2D materials. In this paper we use a theoretical and computational formalism we have recently introduced to efficiently and accurately compute the linear and nonlinear optical response of nanostructured 2D materials embedded in periodic structures containing regular three-dimensional (3D) materials, such as diffraction gratings or periodic metamaterials. Thus, we use the proposed method to demonstrate enhanced nonlinear optical interactions in periodically patterned photonic nanostructures via resonant excitation of phase-matched nonlinear waveguide modes, enhanced nonlinearity of nanostructures containing graphene and other 2D nanomaterials, such as WS2, and multi-continua Fano resonances for increasing the nonlinear efficiency of hybrid 2D-3D photonic heteromaterials.
I. INTRODUCTION
Since its first isolation, preparation, and theoretical description [1] , graphene, a monolayer of carbon atoms in a hexagonal lattice, has attracted a tremendous amount of interest in science and engineering due to its outstanding physical properties and potential for novel applications. Graphene was shown to have remarkable mechanic strength at a low density [2] , [3] , [4] and exhibit high thermal conductivity [5] , making it particularly relevant to nano-electromechanical applications and thermal management in nano-electric circuits [3] , [6] . In addition, the high carrier mobility of graphene open up the potential for high-frequency electronic applications [7] , [8] . These remarkable properties of an atomically thin monolayer of graphite spurred the development of new two-dimensional (2D) materials, such as hexagonal boron nitride (h-BN), silicene (monolayers of silicon), and transition metal dichalcogenide (TMDC) monolayers [9] , [10] , each with their own sets of unusual physical properties.
One additional compelling aspect are the optical properties of 2D materials (2DM). Graphene, for example, is nearly transparent at optical frequencies, exhibiting absorption of 2.3% of white light [11] . This transparency and the just mentioned electro-mechanical properties make graphene a promising new material for flexible optical devices, e.g. touch screens [12] . In addition, nonlinear optical properties of graphene, namely third harmonic generation (THG), a strong optical Kerr nonlinearity, and induced second order nonlinearity, will allow applications of graphene to ultracompact modulators, optical limiters, frequency converters, and to photovoltaic and photoresistive devices [12] . Similar possibilities are envisioned for other 2D materials, e.g. for the semiconducting TMDC monolayers [13] . The implementation of these optical properties into applications requires advances of fabrication and experimental techniques [12] , [14] , theoretical models, and, equally important, numerical methods for modeling of devices incorporating 2D materials.
In this paper, we present a numerical method for nanopatterned 2D-3D photonic structures and use it to demonstrate enhanced nonlinear optical interactions in periodically patterned photonic nanostructures via resonant excitation of phase-matched nonlinear waveguide modes, enhanced nonlinearity of nanostructures containing graphene and other 2D nanomaterials, such as WS 2 , and multicontinua Fano resonances for increasing the nonlinear efficiency of hybrid 2D-3D photonic heteromaterials.
II. COMPUTATIONAL APPROACH DESCRIBING HARMONIC GENERATION IN 2D MATERIALS
Our numerical method [15] for 2D-3D heterostructures is based on a general physical description of the linear and nonlinear optical properties of 2D materials and on the rigorous coupled-wave analysis (RCWA).
A. Linear and nonlinear optical properties of 2D materials
In principle, the interaction of light with sheets of 2D materials can be described by conventional numerical methods in computational electromagnetics, e.g. FDTD [16] or FEM [17] , by defining and effective thickness of the 2D material and incorporating it into the computational algorithm simply as a very thin layer of 3D material [18] . This can however lead to numerical artefacts due to a size-imbalance between the characteristic length of the photonic structure and the small thickness of the 2D material, which is by itself an ambiguous quantity, and is computationally inefficient. We follow a more suitable approach by incorporating the 2D material into the algorithm as a conductive sheet, which gives rise to a surface current density [19] 
Hereby, E denotes the complex amplitude of the electric field at a given frequency ω, σ (1) is the linear sheet conductance of the 2D material and j nl is the nonlinear surface current, which depends nonlinearly on E.
In the case of graphene, σ (1) can be written as [20] 
where σ 0 = e 2 /(4 ) = 6.089 × 10 −5 A V −1 is the universal dynamic conductivity of graphene, e denotes the elementary charge, ε F = 0.6 eV is the Fermi level used in our study, the reduced Planck constant, τ = 0.25 ps the relaxation time and θ(·) is the Heaviside step function. The nonlinear properties of 2D materials depend on their symmetry properties. Graphene is centrosymmetric and therefore even-order nonlinear processes, such as second harmonic generation (SHG), are forbidden. Instead, graphene exhibits strong thirdharmonic generation (THG) [21] , [22] which is described by
The third order conductance, σ (3) , is given by [22] 
Hereby, T (x) = 17G(x) − 64G(2x) + 45G(3x) and G(x) = ln 1+x 1−x + iπθ(|x| − 1) with the Fermi velocity v F = 3a 0 γ 0 /(2 ) ≈ c/300, the nearest-neighbor distance between the carbon atoms a 0 = 1.42Å, and the nearest-neighbor coupling constant γ 0 = 2.7 eV.
B. The rigorous coupled-wave analysis with inhomogeneous S-matrix formalism
The RCWA [23] , [24] is a modal frequency domain method for modeling light diffraction by 2D periodic structures, such as the generic multilayer grating shown in Fig. 1 . In addition to nano-structured 3D materials, we show how to model periodically patterned 2D material distributions. In the RCWA, the electromagnetic (EM) field in each computational layer is described by its modes, i.e. its EM eigensolutions, and each mode is given as a Fourier series, which naturally incorporates the pseudo-periodicity of the EM solution. The Fourier series coefficients of the electric [E Hereby, the subscript t denotes the tangential components of a vector, [f ] denotes the vector of Fourier series coefficients of a function f and δH
T denotes the variation of the tangential components of the magnetic field, H, across the 2D material sheet, which is given by the linear and nonlinear surface currents from (1). The nonlinearity of the surface current is resolved by the undepleted pump approximation in a three-step computational algorithm: In the first step, the diffracted EM fields at the fundamental frequency (FF) are calculated by RCWA and Fig. 1 . Schematic of the unit cell of a generic multilayered 2D-periodic structure under plane wave incidence. Different computational RCWA layers made of structured 3D materials are encoded by colors and an additional 2D material layer is indicated by the blue sheet.
the boundary condition (5) with incorporation of the linear surface current j = σ (1) E but without the nonlinear surface current j nl . The second step explicitly calculates j nl using the total diffracted field E at the FF. In the third step, the nonlinear source current j nl is incorporated into (5) by means of a numerically stable, inhomogeneous S-matrix algorithm, which facilitates the calculation of the nonlinear near-and far-field at the generated frequency.
Note that arbitrary 2D materials can be described in the formulation of (1) and (5) without assuming an effective thickness as long as their linear and nonlinear conductances are known. This widens the range of devices that can be modeled by our method.
III. SURFACE PLASMONS IN GRAPHENE GRATINGS
As a first application, we investigate the resonant excitation of surface plasmons in a periodic array of graphene discs on a glass substrate. The diameter of the disks is 175 nm and the period is Λ 1 = Λ 2 = 250 nm. We calculate the linear and nonlinear interaction of the graphene discs with normally incident light, linearly polarized light with wavelengths ranging from 2.5 µm to 15 µm. The relative absorption of light in the graphene discs is depicted in Fig. 2(a) . The generally increasing absorption towards larger wavelengths, is overlaid by distinct local maxima of absorption due to the excitation of surface plasmons around the graphene discs. For example, the electric near-field at λ = 5.02 µm exhibits three maxima of strong local field enhancement around the graphene disc, as per Fig. 2(b) . This field enhancement leads to increased THG, which is revealed by the nonlinear near-field profile for λ TH = 5.02 µm/3 in Fig. 2(c) , and by the radiation spectrum at the TH. The dispersion of TH radiation follows the trend of the absorption spectrum and exhibits strongest radiated TH due to surface plasmon excitation.
IV. ENHANCED NONLINEARITY OF TMDC MONOLAYERS BY EXCITATION OF WAVEGUIDE MODES
A different class of 2D materials are the semiconducting transition metal dichalcogenide (TMDC) monolayer materials, which are in contrast to graphene non-centrosymmetric and hence allow SHG. Here, we focus on a particular TMDC, WS 2 , for which the linear and nonlinear optical properties have recently been determined [25] , [26] . Their quadratic optical nonlinearity is incorporated into the algorithm via the nonlinear surface current
where the nonlinear sheet conductance is taken from [26] . In contrast to the conductive graphene, WS 2 does not support intrinsic resonances: because WS 2 is semiconductor, it does not support plasmon resonances, and due to its vanishing thickness as a 2D material, no Mie-type resonances can be excited in any of the TMDCs. A different means of resonant excitation is investigated now, by combining a monolayer of WS 2 with a periodically patterned slab waveguide as per in Fig. 3 (left panel) . Such a slab waveguide supports optical modes and their excitation wavelength depends on the EM and geometric properties, most notably the height, h, of the waveguide. Thus, let the combined waveguide-2D material device be illuminated by normally incident, x-polarized light with wavelength ranging from 0.2 µm to 0.7 µm and with intensity of I 0 = 1 × 10 12 W m −2 . The intensity of radiated SH is depicted in Fig. 4 for a range of different heights of the waveguide, and it shows a mostly smooth variation of reflectivity with λ and h over different orders of magnitude due to Farby-Perot resonance at the FF and due to the intrinsic dispersion of σ (2) . The strongest enhancement of SH is, however, du to the spectrally narrow excitation of the TM 0 waveguide mode at the FF, which yields the strongest enhancement of the fundamental field. This in turn generates the strongest nonlinear source current and therefore the highest intensity of radiated SH light.
V. MULTI-CONTINUA FANO RESONANCES IN A GRAPHENE-COVERED WAVEGUIDE
As a last example we investigate a variation of the above introduced slab waveguide, where the monolayer of WS 2 is replaced by resonant graphene ribbons, as per Fig. 3 (right panel). Its geometric parameters are designed such that the excitation wavelength of the fundamental TM 0 waveguide mode is in the range of wavelengths at which surface plasmons are excited in the graphene ribbons. This is illustrated in Fig. 5 : Similar to the absorption by graphene disks in Fig. 2(a) , the linear absorption of the graphene ribbons increases for increasing wavelengths. It exhibits additional local absorption maxima due to the excitation of surface plasmons in the inner graphene ribbons on top of the waveguide material with permittivity = 3.24, e.g. at λ = 7.1 µm in Fig. 6(a) , or on top of the waveguide material with permittivity = 4, e.g. at λ = 7.6 µm in Fig. 6(b) . This field enhancement due to plasmon excitation also increases the intensity of radiated TH, as per Fig. 5 . The strongest TH radiation with intensity of I TH = 1 × 10 −3 I 0 is obtained, however, due to the excitation of the TM 0 waveguide mode at λ = 8.05 µm, for which the fundamental near-field is depicted in Fig. 6(c) . This discrete waveguide resonance on the background of two spectrally broad plasmon resonances amounts to a double-continuum Fano resonance [27] . Additional enhancement of linear absorption and TH radiation can be observed at the excitation wavelengths of intrinsically 
VI. CONCLUSIONS
We have introduced a versatile numerical method to investigate the physical characteristics of nonlinear optical interactions in nanopatterned 2D materials and identified different mechanisms by which these nonlinear interactions can be enhanced. Due to its general formulation, it can be applied to more complex structures that incorporate in one device graphene and other 2D materials with markedly different nonlinear optical response.
